This paper presents an experimental technique to observe the vibration tracks of string standing waves. From the vibration tracks, we can analyse the vibration directions of harmonic waves. For the harmonic wave vibrations of strings, when the driving frequency f s = Nf n (N = 1, 2, 3, 4, . . . ), both resonance and non-resonance standing waves can simultaneously appear and produce a vibration superposition. These discussions are useful for teaching, understanding experiments and illustrating theory.
Introduction
The resonance of string standing waves is well-known in physics. But the topic of nonresonance standing waves of strings discussed in this paper is not well-known. For a taut string driven sinusoidally, when the driving frequency f s satisfies f s = Nf n , N = 2, 3, 4, . . .
and
it can also produce standing wave vibrations whose frequency is equal to f n . In equation (2), L is the length of the string, and T , ρ, λ are the tension of the string, the line density of the string and the wavelength, respectively. Since the vibration frequency of the standing wave is not equal to the driving frequency, we may describe it as a non-resonance standing wave or non-resonance natural vibration. However, while it is commonly believed to be harmonic wave resonance, it does not correspond to a resonance between the harmonic wave component of driving and the natural frequency of strings (2) . From a data search of the existing literature, it appears that nobody has studied this non-resonance natural vibration [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . It is quite different from the non-resonance standing waves discussed in [1] .
Both the experimental technique and experimental results given in this paper are useful for the teaching of experiments and theory of vibrations and waves at university level.
The experiment device and observation technique

Experiment device and principle
The experiment device shown in figure 1 may be used to produce string standing waves. A sinusoidal excitation voltage V S is provided by a signal generator. A metal hook is fixed at the centre on a loudspeaker paper-basin (8 , 2 W), shown in figure 1(a). Since the metal hook device is very hard, its amplitude is small and the vibration frequency is not high, it can vibrate homogeneously. The movement of the drive point is vertical, a transverse vibration.
When the loudspeaker vibrates, the maximum distortion factor of the excitation V S is γ max < 1.4%, which is measured by an instrument for distortion measurement. In our case, ZN4116 type was used but any instrument with this function and lower cutoff frequency of 5 Hz can be used. Actually, the distortion factor (γ max ) measured with this method also includes the reflection effect produced by the string vibration. This is important for the analysis and understanding of string vibration. Therefore, the device shown in figure 1(a) is completely suitable for string vibration experiments.
The observation technique of vibration tracks
If we want to observe the vibration track of a certain point on a string, we may mark the string with white lacquer, or circle the site twice with a very thin white cotton thread and tie it on the string (e.g. A, B points in figure 1(a) ). When the string vibrates, the white motion track may be drawn (see figure 2 , etc). The vibration track image is taken with a digital camera connected to a computer. The angle of the camera is as shown in figure 1(b).
Experimental results and computer simulations
String vibrations are discussed in the following two cases as fundamental harmonic resonance (λ = 2L) and harmonic wave resonance.
Fundamental harmonic resonance
For example, choose a thin copper wire of D = 0.22 mm and L = 40 cm as the string. In our case the weight was m = 20 g, and the fundamental frequency of the string f 1 ≈ 36 Hz. The points a, b and c were located at 31 cm, 20 cm and 9 cm from the end. When f s = f 1 and the excitation voltage V S ≈ 1.4-2.5 V, the resonance standing wave of the fundamental frequency was produced and its white motion track is shown in figure 2 . The wave loop track is a circle in this case. The results of experimental observations, however, show that vibration tracks of the fundamental harmonic do not have only one kind of shape. The track shape may change with a variation of some factor (e.g. V S and f s ). For example, if the excitation voltage V S increases or decreases slightly, it may lead to a change of track shape. 
Applying the 'plot' command of MatLab will create the track curves of the wave loop shown in figure 2(c).
The simulation track on the left side of a wave loop.
After exploring a large number of trial values for the relative amplitudes, it was found that the expressions for the harmonic wave components of the left wave loop and their superposition could be written as 
Harmonic wave resonance
For harmonic wave resonance, even harmonic waves are distinct from odd harmonic waves, which will be discussed below for two cases.
Resonance of even harmonic waves
The track image of the second harmonic wave resonance. The experimental condition and the parameters of the string are the same as that of the above example. The fundamental frequency of the string f 1 ≈ 36 Hz. When the excitation frequency is f s = 2f 1 , the vibration track of the resulting second harmonic wave resonance is shown in figure 4 . The diameter of the wave node in figure 4(a) is approximately 10 mm. The height of the wave node in figure 4(b) is about 9 mm. The maximum width of the wave loop is approximately 19 mm.
The simulation track of the wave loop of second harmonic resonance. The aim of the simulation is only to demonstrate that the non-resonance natural vibration of the fundamental can occur. We assume that the X-and Y-axis components of the second harmonic in figure 4 (a) are w 2y = sin(2ω 0 t) sin 45
• , w 2x = − cos(2ω 0 t) cos 45
• , and the components of the non-resonant fundamental harmonic that best describe figure 4(a) are given by
Then the total component of the X-axis and the total component of the Y-axis are given by
Note. The above fundamental w 1 ( f 1 = 36 Hz is the frequency of w 1 ) is the non-resonance natural vibration of the string, because the frequency of the excitation is f s = 2f 1 , and its harmonic frequency f sn > 2f 1 . For example, the second harmonic frequency of the excitation is f s2 = 2 × 2f 1 , and the third harmonic frequency f s3 = 3 × 2f 1 etc. For second harmonic wave resonance in figure 4(a) , the simulation vibration track of the wave loop is shown in figure 4(c) .
The simulation track of the wave node shown in figure 4(b) . For the simulation track of the wave node shown in figure 4(b) , we find that the X-and Y-axis components of the second Then the simulation track of the wave node is shown in figure 4(d) .
The track image of the fourth harmonic wave resonance. When f s = 4f 1 ≈ 144 Hz, the fourth harmonic of the string produces resonance. Figure 5 shows the vibration track of this fourth harmonic resonance. The diameter of its wave node is about 12 mm. We can directly observe the non-resonant second harmonic wave of the string from figure 5 . Under normal conditions, even harmonic waves can easily produce non-resonant standing waves as stated above.
3.3.2.
Resonance of odd harmonic waves. When odd harmonic waves resonate, in most cases it is not easy to produce a vibration superposition between the non-resonance standing waves given by (1) and the resonance standing waves. But sometimes the third harmonic wave can easily be seen as shown in figure 6 . 
Discussion on non-resonance standing waves
There is no doubt that the non-resonance standing waves dealt with above are not due to harmonic resonance, because f s = Nf n (N = 2, 3, 4, . . .) and the condition f sn f n always holds. So, it is not simply related to harmonic resonance. If the harmonic wave component of excitation V S and the natural vibration of strings produce resonance, it should be for f n > f s , that is to say f s = f n N (N = 2, 3, 4, . . .) . But the experimental results agree with equation (1) . On the other hand, the results of experiments and analysis also demonstrate that the vibration directions of harmonic waves may change with the variation of some factors.
